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At room temperature, GdMnO3 is a paraelectric and paramagnetic with a 
distorted perovskite structure of orthorhombic symmetry (space group Pnma). On 
cooling, it undergoes a phase transition sequence to a magnetic incommensurate 
phase ( *)( aTk r
r
δ= ; Tc1=42K) and a A-type antiferromagnetic phase (Tc2=27K). 
At low temperatures ( KT 12≤ ), a magnetic field applied along the a-axis 
destabilizes the antiferromagnetic phase and induces a first order transition to a 
magnetic commensurate modulated phase ( *
4
1
ak r
r
= ) that is also ferroelectric 
( cP r
r
//  ). This work analyses this field induced phase transition from the point of 
view of the symmetry and Landau theory. 
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Introduction 
The search for novel single phase materials displaying an enhanced magneto-electric effect 
attracts increasing interest, not only because of the potential technological application that 
can be envisaged, but also for the subtle physical mechanisms that are involved [1,2]. 
Among this class of materials, the rare-earth manganites RMnO3 (R=Gd, Tb and Dy) are 
perhaps the simpler prototypes that show an unusual interplay of magnetic and electric 
properties [3-7].  
 2 
At room temperature, these materials show a reference phase with a distorted orthorhombic 
perovskite structure (space group Pnma). Among the three compounds, GdMnO3 is the one 
that shows the less distorted structure and the simpler phase diagram. At about Tc1=42K, it 
undergoes a phase transition from the reference phase to a magnetic incommensurate phase 
with a modulation wavevector directed along the axisa −r  ( [ ]0,0,δ=kr ; 24.0)( 1 ≈cTδ ) [4,8]. 
In this phase, the magnetic modulation corresponds to a collinear arrangement of the Mn 
spins along the axisa −r , ferromagnetically coupled within the ac-plane and 
antiferromagnetically aligned along the axisb −
r
. On cooling below Tc1, the modulation 
wavenumber decreases and approaches the commensurate value 2.0=δ  [8]. However, this 
commensurate value is not reached because the system undergoes a discontinuous phase 
transition to a A-type antiferromagnetic phase at about Tc2=23K. This low temperature 
phase corresponds to a lock-in at the point 0=δ  [8].       
Along this phase sequence, at zero magnetic field, GdMnO3 remains paraelectric. However, 
the application of a strong magnetic field below T*~12K along the axisa −r  induces a 
ferroelectric phase with a polarization oriented along the axisc −r . Structural studies [8] 
indicate that this magnetically induced ferroelectric phase is accompanied by a 
commensurate modulation of the Mn momenta corresponding to a wavevector  




= 0;0;
4
1k
r
.  
A similar situation is also found in TbMnO3 and DyMnO3. Here, even if the zero field phase 
diagram is more complex, a commensurate plateau with 




= 0;0;
4
1k
r
and a ferroelectric 
polarization directed along the c-axis are again stabilized by a magnetic field applied along 
the a-axis [3,4,7]. 
The purpose of the present work is to analyse the field induced stabilization of the 
ferroelectric phase in GdMnO3 from the point of view of the symmetry. This analysis will be 
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based on general symmetry considerations and aimed at clarifying why the polarization is 
related to a particular value of the modulation wavenumber. In addition, the method adopted, 
will allow us to derive a simple set of symmetry based free energy functionals capable of 
describing the phenomenology observed in GdMnO3 
 
Can an irreducible magnetic order parameter induce ferroelectricity? 
The magnetic modulation observed in GdMnO3 below Tc1 corresponds to a simple collinear 
modulation of the magnetic momenta of the Mn ions that likely results from the 
condensation of an irreducible magnetic order parameter. Let us then consider the case of a 
irreducible modulated order parameter that is characterized by a single wavevector k
r
located 
in the interior of the Brillouin zone and directed along a line of fixed symmetry (which 
corresponds to the Σ  line, in the case of the RMnO3 compounds). This modulated order 
parameter can be written as: 
xkixki eSeSxS
rrrr rrrr
⋅−⋅ += *)(     (1) 
where, Φ= piieSS 0
rr
and Φ  is a phase, defined with respect to the underlying discrete lattice. 
Let us assume that )(xS r
r
 is of a magnetic nature and, therefore, is odd under the operation of 
time reversalθ ,(that is,  )()( xSxS r
rrr
−=θ ). Under which conditions can this general modulated 
order parameter give rise to a spontaneous polarization P?  
This problem is similar to the one raised by the improper ferroelectricity induced by 
displacive lattice modulation and, with the necessary adaptation, can be tackled along the 
same lines.  In terms of Landau theory, for example, one can ask if )(xS r
r
 allows the 
construction of mixed invariants linear in the electric polarization P, a necessary condition 
for improper ferroelectricity [9].  It can be easily seen that this possibility can never be 
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realized when the modulation is incommensurate [9,10]. In the case of a commensurate 
modulation, however, the answer to the question requires the analysis of the transformation 
properties of the translational invariants that can be constructed from the components of the 
order parameter (note that P is itself a translational invariant). If, under the symmetry 
operations of the reference phase, any of these possible invariants is transformed as a polar 
vector, then a mixed invariant linear in P can be constructed. Consequently,  improper 
ferroelectricity will be allowed by symmetry.  
This method of analysis requires the knowledge of the way the different elements of the 
symmetry group of the reference phase act on the linear space generated by the components 
of the order parameter.  In the case of an irreducible order parameter, this amounts to 
knowing the complete irreducible co-representations (CICR) of the paramagnetic space 
group and the standard methods can be used to construct them [11-14].  
For the case pertaining to GdMnO3 (paramagnetic space group (Pnma)´ and modulation 
wavevector )0,0),(( Tk δ=
r
, k7 in Kovalev`s tables) , the CICR matrices can readily be 
obtained. These are listed in Table 1 for the generators of the magnetic space group (C2x, σy, i 
and iθ). The matrices for the other elements of the magnetic space group can be obtained 
using the multiplication table of the group and taking into account that the anti-unitary 
operations conjugate the coefficients of the matrices upon which they act. 
The method outlined also requires a systematic way to construct the possible translational 
invariants from the components of the order parameter )(xS r
r
.  In the present case, given that 
S  and *S  are complex numbers, the analytical form of these translational invariants is 
simply determined by the image that the translational sub-group of the reference phase 
induces in the complex plane. For a commensurate wavenumber 
m
n
=δ , this image is 
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isomorphic to the group Cm [10]. Therefore, as shown in [9-10], any homogeneous 
polynomial defined in the space of the complex numbers that is invariant under Cm 
(requirement of translational invariance) must necessarily be expressed as linear 
combinations of terms of the type )cos(0 ΦmS m and )sin(0 ΦmS m   . This means that one can 
determine if mixed terms linear in P are allowed simply by checking how these translational 
invariants are transformed under the remaining symmetry operations of (Pnma)´ . 
Because of the different parity under spatial inversion of the two types of translational 
invariants, a coupling term linear in P must necessarily be of the form )sin(0 ΦmPS m . 
Moreover, because PP =θ  and 00 SS −=θ , such a mixed term will be invariant under time 
reversal if only if m is even. That is, for the particular symmetry under analysis, only 
magnetic commensurate phases of the type 
even
odd
=δ  can support a ferroelectric polarisation.  
Conversely, the translational invariants of the form )cos(0 ΦmS m , which are even under 
spatial inversion and odd under time reversal if m is odd, will allow for mixed invariants 
linear in a magnetization M. In this case, an homogeneous magnetization may co-exist with 
the modulated magnetic order.  
Table 2 shows the cases in which the translational invariants of the magnetic order parameter 
)(xS r
r
 transform as components of a magnetization or a polarization. As seen, in this latter 
case, a polarization directed along the axisc −r  is the unique possibility. Independently of the 
symmetry of the primary order parameter, it is allowed  only if 
even
odd
=δ . 
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III. The field induced ferroelectricity in GdMnO3 
As seen, at low temperatures and zero field, the ground state of GdMnO3 corresponds to a 
A-type antiferromagnetic order in which the Mn spins are ferromagnetically ordered in the 
ac-plane (directed along the axisa −r ) and antiferromagnetically aligned along the axisb −
r
. 
If we denote by baM ,  the magnetization of the two sub-lattices, we can write the free energy 
density as: 
 
HMMMMhMgMMMfF babababa )()(2)( 4422 +−++++=                 (2) 
 
A coefficient 0>g  will favour the observed antiferromagnetic coupling between neighbour 
ac-planes. In terms of the ferro- (M) and antiferromagnetic (ξ ) order parameters, defined as 
ba MMM +=  and ba MM −=ξ , this free energy can be expressed as : 
 
MHMMhgfMgfF −+++−++= )6(
4
)
2
(
2
1)
2
(
2
1 224422 ξξξ    (2´) 
 
It is well known that the antiferromagnetic order can be destabilised by an external magnetic 
field. For example, by imposing to (2´) the equilibrium conditions 0=
∂
∂
=
∂
∂
ξ
F
M
F
, one 
obtains: 
hMhgf
HM
+++
=
23)
2
( ξ
        (3a) 
22 32 M
h
fg
−
−
=ξ                      (3b) 
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As seen, the magnetization induced by the external field reduces the amplitude of the 
antiferromagnetic order parameter ξ . Eventually, a high enough field ( 1cHH ≥ ) can give 
rise to a transition to a ferromagnetic phase (ξ =0; 0≠M ). 
However, in GdMnO3 there is a competition between ferro- and antiferromagnetic  
interactions within the ac-planes. This competition, seen for example by the stabilization of 
the incommensurate phase in the range Tc2<T<Tc1, may favour the onset of a modulated 
phase under field. That is, above a certain threshold 12 cc HH <  and alternatively to the field 
induced rotation of the whole magnetization of a sub-lattice, the system may prefer to 
recover a spin modulation within each ac-plane.  In such a case, a key point would be  to 
understand why the commensurate modulation 
4
1
=δ   is  energetically favourable (and 
consequently a polarization along the axisc −r  stabilised).  
As seen in the previous section, for
odd
odd
=δ  or 
odd
even
=δ  (that is, when m is odd), the free 
energy density corresponding to commensurate phase
 
includes a nomial that is linear in a 
magnetization M. Let us consider a system, like GdMnO3, with two magnetic sub-lattices 
and denote by baS , and baM ,  the amplitude of the commensurate spin modulation and the 
homogeneous magnetization in the sub-lattices a and b, respectively. Then, the free energy 
of the system can be written as: 
 
[ ]
x
x
b
x
abababa
m
bbaa
m
b
m
a
m
bb
m
aababa
HMMMMhMMgMMMSMS
mSSSMSMmSSSSF
)()()(
2
1)(
)2cos()(
2
)cos()(
4
)(
4
44
1
222222
222222
2
+−++++++Ω+
+Φ+++Φ++++=
χ
γ
ν
βα
(4) 
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Here, the contribution of the normal Umklapp term  [ )2cos()(
2
22 Φ+ mSS mb
m
a
γ ] along with 
other trivial invariants are included. Note that the direction of baM ,  is dictated by the 
symmetry of the order parameter and by the type of the wavenumber δ (see Table 2). It is 
also assumed that the field is applied along the a-axis and g1>0.  
Naturally, the mixed term [ ]mbbmaa SMSMm +Φ)cos(ν  in equ. 4 is the lowest order term that 
may favour the particular commensurate modulation. Because m is odd and the 
antiferromagnetic coupling SSS ba =−=  preferred, such  term  can be can be written as: 
 
[ ] [ ] ξννν )cos()cos()cos( Φ=−Φ=+Φ mSMMmSSMSMm mbammbbmaa   (5) 
 
That is, the modulated order parameter S is necessarily coupled to the antiferromagnetic 
order parameterξ . Because of this reason, this type of commensurate phase will be 
destabilised by the external field. In fact, like in the case of the homogeneous 
antiferromagnetic order, the amplitude of ξ  will decrease under an external field as:  
 
2
2
1
2
2
1
2
)12(
2
3
3
)12(






+Ω−
−
+Ω−
≈
m
xm
Sg
H
h
Sg
χ
χξ     (6) 
 
Consequently, the lowest order lock-in term that can eventually favour the modulated phase 
will decrease (proportionally to ξ ) as the external field increases and to relative stability of 
the phase diminish.  
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This effect of the external field is necessarily absent if 
even
odd
=δ  because, in this case, the 
symmetry requires that 0== ba MM . Here, the potential secondary order parameter is an 
electric polarization P (oriented along cr , as seen) and the free energy density for a system 
with two sub-lattices is: 
 
[ ]
)(
2
1)(
)()()(
2
1)(
)2cos()(
2
)sin()(
4
´)(
4
´
222222
44
22
222222
222222
3
ba
m
bbaa
x
x
b
x
abababa
P
bbaaP
m
b
m
a
m
bb
m
aababa
MMMSMS
HMMPPhPPgPPPSPS
mSSSPSPmSSSSF
+++Ω
++−++++++Ω+
+Φ+++Φ++++=
χ
χ
γηβα
  (7) 
 
Note that in this case (m=even), the lowest order lock-in term can be expressed as 
[ ] [ ] PmSPPmSSPSPm mbammbbmaa )sin()sin()sin( Φ=+Φ=+Φ ηηη . That is, the primary order 
parameter is linearly coupled to P=Pa+Pb (ferroelectric order parameter). Moreover, the 
intensity of this coupling is not affected by an external magnetic field and, if 0)sin( <Φmη , 
favours the stability of the phase.  Evidently, among all the possible values of the type 
even
odd
=δ  the modulation 
4
1
=δ is the one that corresponds to the lowest possible lock-in 
order and is therefore expected to be more stable.  
From equation 7, the electric polarization can be explicitly related to the amplitude of the 
magnetic modulation as: 






++Ω
Φ−
=
22
1
)sin(
2 gS
mSP
P
P
m
χ
η
     (8) 
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In the above discussion the case of the stabilisation of an incommensurate modulation by the 
external field was not considered. In fact, this possibility corresponds to a case in which the 
relevant mixed lock-in invariants linear in P or M are forbidden by symmetry. On another 
hand, the phase transition induced by the field in the case of GdMnO3 occurs at temperatures 
well below the transition from the reference to the incommensurate phase. Thus, the 
amplitude of the potential order parameter is likely to be high enough to favour, through the 
interaction with the discrete lattice, commensurate modulations.   
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TABLE 1: Matrices representing the generators of the group (Pnma)´ in the four of its 
complete  irreducible co-representations at *1ak
rr δ= .  
 C2x σz iθ i 
Γ(A1) 





*0
0
ε
ε
 





*0
0
ε
ε
 





−
−
10
01
 





01
10
 
Γ(B2) 





−
−
*0
0
ε
ε
 





−
−
*0
0
ε
ε
 





−
−
10
01
 





01
10
 
Γ(A2) 





*0
0
ε
ε
 





−
−
*0
0
ε
ε
 





−
−
10
01
 





01
10
 
Γ(B1) 





−
−
*0
0
ε
ε
 





*0
0
ε
ε
 





−
−
10
01
 





01
10
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TABLE 2: Transformation properties of the lowest order translational invariants of a 
modulated order parameter. 
 Γ(A1) Γ(B2) Γ(A2) Γ(B1) 
odd
odd
=δ  yM  ─ zM  xM  
odd
even
=δ  ─ yM  xM  zM  
)cos( ΦmS m  
even
odd
=δ  ─ ─ ─ ─ 
 Γ1 Γ2 Γ3 Γ4 
odd
odd
=δ  ─ ─ ─ ─ 
odd
even
=δ  ─ ─ ─ ─ 
)sin( ΦmS m  
even
odd
=δ  zP  zP  zP  zP  
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